The theory of nondegenerate four-wave mixing (NDFWM) in semiconductor lasers and amplifiers is presented with particular emphasis on the physical processes that lead to population pulsations. In the case of nearly degenerate four-wave mixing, modulation of the carrier density at the beat frequency Q of the pump and probe waves creates a dynamic population grating whose effectiveness is governed by the spontaneous carrier lifetime T-. Such a grating affects both the gain and the refractive index of the probe wave. In particular, the probe gain exhibits features analogous to those observed in a detuned atomic system arising from the optical Stark effect. Both the gain grating and the index grating contribute to NDFWM, with the dominant contribution coming from the index grating. For detunings such that QrT >> 1, population pulsations correspond to modulation of the intraband population arising from spectral hole burning. Our results show that NDFWM is then limited by the phase-mismatch effects governed by the transit time r rather than by the intraband population-relaxation time T,. Significant NDFWM is expected to occur for detunings up to about 300 GHz for typical transit-time values of 3 psec in semiconductor lasers.
INTRODUCTION
The phenomenon of four-wave mixing has been studied extensively in recent years, particularly in relation to its application to optical phase conjugation.'- 3 The previous work on degenerate four-wave mixing in atomic, molecular, and semiconductor media is reviewed in Ref. 1 . In most nonlinear media, the poor efficiency of the four-wave mixing process is often the limiting factor. Two ways to enhance the efficiency are (1) the use of an intracavity geometry- 6 and (2) the use of an amplifying nonlinear medium rather than an absorbing one. 7 -9 Semiconductor lasers are attractive, since both of these features are available in a compact device. More specifically, the cleaved facets form a FabryPerot cavity leading to an intracavity geometry, whereas the electrical pumping provides an amplifying semiconductor medium at relatively low currents (-10 mA). Furthermore, the pump beams can be generated internally by pumping the semiconductor laser above its threshold. Indeed, recent experiments demonstrated that nondegenerate four-wave mixing (NDFWM) inside a semiconductor laser can be highly efficient at pump powers of only a few milliwatts.1 0 -1 2 The initial attempts to understand the experimental results modeled the semiconductor-laser medium as an inverted two-level system.13"1 4 Such an approach, although capable of explaining the qualitative behavior, has several limitations. To mention a few, (1) the parameters of the two-level system cannot be related directly to the known device parameters, (2) spatial effects related to the laser waveguide are not accounted for, and (3) the effects of carrier-induced index changes are not included. The last limitation is particularly important for semiconductor lasers, in which a change in the carrier population (electrons or holes) affects not only the optical gain but also the refractive index. In a recent letter1 5 I outlined a theory of NDFWM in semiconductor laser media that accounts properly for these effects. The objective of this paper is to provide a comprehensive account of the theory with particular attention being paid to the phenomenon of population pulsations in semiconductor lasers and amplifiers.
Population pulsations were first studied in the context of multimode gas lasers16 17 and have recently been used to explain the dynamic instabilities of single-mode lasers. 18 Bogatov et al.1 9 were apparently the first authors to point out that the inclusion of population pulsations (modulation of the carrier density) leads to an asymmetric interaction between the longitudinal modes of a semiconductor laser.
As we shall see, the same effect is at the origin of NDFWM in semiconductor lasers. More specifically, modulation of the carrier density at the beat frequency Q = -w of the pump and probe waves creates gain and index gratings. Diffraction of the counterpropagating pump wave from these dynamic gratings generates a conjugate wave at W2 = 2 wo -wl.
The effectiveness of the gratings is governed by the spontaneous carrier lifetime ( 2-3 nsec). Since the carrier density cannot be modulated at frequencies much higher than ri', NDFWM ceases to occur when the pump-probe detuning exceeds a few gigahertz (IQIT» >> 1).
For semiconductor lasers, however, an additional mechanism of population pulsations should be considered; it can lead to significant NDFWM even when the pump-probe detuning exceeds 100 GHz.' 0 The physical phenomenon behind highly NDFWM is spectral hole burning, 2 1 22 manifested as a nonlinear reduction of the optical gain by a few percent at operating powers of a few milliwatts. 2 3 -2 6 Spectral hole burning is governed by the intraband relaxation processes occurring at a fast time scale (typically <1 psec). As a result, the dynamic gain and index gratings remain an effective source of NDFWM for beat frequencies of Q -1
THz. The important point to note is that population pulsations in this context do not refer to actual modulation of the carrier density but rather to modulation of the occupation probability of carriers within a band. In other words, even though the intraband population pulsates, the carrier density is unable to respond to such pulsations because of the relatively slow interband recombination processes governed by the spontaneous carrier lifetime r,. Nonetheless, the resulting gain and index gratings can lead to efficient NDFWM. The theory of NDFWM is developed by using the densitymatrix approach, in which the semiconductor medium is modeled as an ensemble of collision-broadened two-level systems. 2 3 -26 Even though there is some concern about the validity of the Bloch equations in solids, we assume that the dynamics of each two-level system is described well by them. In general, modulation of both the interband and the intraband populations should be considered for an accurate description of NDFWM. However, depending on the amount of pump-probe detuning, the analysis can be simplified in the two limiting cases. For IQIr > 1, the interband modulation can be ignored, as the carrier density cannot respond at such fast time scales. For IQIrT S 1, the interband effects dominate over the intraband modulation, and the latter can be neglected. This paper is organized as follows. In Section 2 we consider the case of nearly degenerate four-wave mixing in which the pump-probe detuning is relatively small (QIT < 1). It is then possible to employ the rate-equation approximation. Population pulsations are taken into account by solving the carrier-density rate equation with a time-dependent term oscillating at the beat frequency Q. The general formalism presented in Section 2 permits us to consider the nonlinear interaction among pump, probe, and conjugate waves inside the active region of a semiconductor laser and to obtain the induced polarization at their respective frequencies. In Section 3 we consider the optical Stark effect, and we obtain the probe susceptibility and study how it is affected by the intense pump wave. Both the probe gain and the probe index are affected by the pump wave. In particular, the probe gain is considerably enhanced for specific values of pump-probe detunings.
In Section 4 we give the theory of nearly degenerate fourwave mixing, and we obtain the coupled-wave equations for the probe and conjugate waves. These equations are solved for the specific case of a semiconductor laser operating below threshold as a traveling-wave amplifier. Because of the amplifying nature of the nonliner medium, a conjugate reflectivity in the range of 100-1000 can easily be obtained at incident pump powers of about 1 mW. Population pulsations lead to considerable enhancement of the probe transmittance for detunings such that QIrs 1. We discuss in detail the spectral features arising from population pulsations both for the conjugate reflectivity and for the probe transmittivity. In Section 5 we consider highly NDFWM and show that the modulation of intraband modulation in semiconductor lasers can generate conjugate waves even for pump-probe detunings exceeding 100 GHz. The range of detunings in this case is limited by the phase mismatch rather than by the medium response time. Finally, the results are summarized in Section 6.
GENERAL FORMALISM
In this section we present the theory behind the nearly degenerate four-wave mixing in semiconductor lasers. Only collinear geometry is considered, since the thin active region (-0.1-0.2 ,um) of semiconductor lasers requires that the pump, probe, and conjugate waves propagate parallel to one another in order to maximize the interaction length. We assume that the laser structure supports only the fundamental waveguide TE mode with the transverse distribution U(x, y). This is generally the case for strongly index-guided lasers employing a buried-heterostructure design. 2 7 If all fields remain linearly polarized during their interaction, the propagation characteristics can be obtained by solving the scalar wave equation
where n is the refractive index, Eo is the vacuum permittivity, and c is the velocity of light in vacuum. The total intracavity field E is given by
where j = 0, 1, 2 for pump, probe, and conjugate waves, respectively. The evaluation of the induced polarization P is in general fairly involved and requires knowledge of the band-structure details. In the density-matrix approach, 23 -26 each pair of the conduction-band and valence-band states participating in band-to-band transitions is modeled as a two-level system, and P is calculated by summing over all possible pairs with an appropriate density of states. Although such a detailed description is necessary for the discussion of NDFWM resulting from spectral hole burning (see Section 5), a simple model can be used when the pump-probe detuning (2.3)
is relatively small, so that IQIT, 5 1, where r, is the spontaneous carrier lifetime. In this model, the induced polarization is calculated by using (2.4)
where the susceptibility 2 7 x(N) = -
( + i)g(N)
Co and the gain is assumed to vary linearly with the carrier density N, i.e.,
Here a is the gain coefficient (a 2 X 10-16 to 3 X 10-16 cm 2 ), and No is the carrier density at which the active region becomes transparent (No 1 X 1018 to 2 X 1018 cm- 3 ). The parameter fi in Eq. (2.5) accounts for the carrier-induced index change that occurs invariably whenever the gain changes. It is often referred to as the linewidth enhancement factor and has typical values in the range 3-6 depending on the operating wavelength of the semiconductor lasers. 27 - 2 9 The physical origin of the carrier-index change is related to the asymmetric nature of the gain spectrum in the semiconductor laser. For other laser systems that have a symmetric gain profile, f = 0. This feature distinguishes semiconductor lasers from gas and solid-state lasers. where q is the electron change, V is the active volume, and D is the diffusion coefficient. Equation (2.7) can be derived from the density-matrix equations (see Section 5) in the rate-equation approximation. 2 3 We have assumed for simplicity that the gain g(N) is the same for all waves, an assumption justified since the pump-probe detuning is much smaller compared with the gain-spectrum bandwidth (IIT 2 << 1). The solution of Eq. (2.7) is complicated because of the diffusion term. The main effect of carrier diffusion is to wash out spatial holes burned by the counterpropagating waves, as the diffusion length ( Dr 2-3 Mm) is much larger than the half-wavelength /n. Carrier diffusion in the transverse dimensions is restricted, since the transverse waveguide dimensions are generally smaller than the diffusion length. Thus, to a good degree of approximation, N can be assumed to be spatially homogeneous, satisfying the simpler rate equation 
We then obtain (2.13) r represents the fraction of mode energy confined within the active region of width w and thickness d and is often referred to as the confinement factor. 27 The overlap factor C is introduced phenomenologically and results from the nonplane-wave nature of the waveguide mode in semiconductor lasers. 19 Typically, = 0.3-0.5 and C = 0.5-1.
The induced polarization P is calculated by using Eqs. (2.4)-(2.6) with E and N given by Eqs. (2.2) and (2.9). It is convenient to expand P into its frequency components in a manner similar to that of Eq. (2.2), i.e., and
is the current needed to achieve transparency. At I = Io the carrier density No just overcomes the material loss; population inversion occurs for I > Io. At I = Ith the small-signal gain is large enough to balance the cavity losses, and the laser starts to oscillate.
Equations (2.16) and (2.17) show that the induced polarization for the probe and conjugate waves has an additional contribution resulting from population pulsations (the term proportional to AN). This term is responsible for the enhanced probe gain as well as for four-wave mixing. We consider the two phenomena separately in Sections 3 and 4.
EFFECT OF POPULATION PULSATIONS ON THE PROBE GAIN
When an intense pump wave propagates in a nonlinear medium, it can modify the medium's response to the extent that the propagation characteristics of a weak probe become dependent on the pump intensity. In particular, the probe may experience gain even in an absorbing medium for specific pump-probe detunings whose values depend on the pump intensity. This effect is related to the optical Stark effect and has been well studied in the context of atomic systems.
3 0 - 3 3 In this section we study how the refractive index and the gain coefficient of a probe wave are affected by the intense pump propagating inside the semiconductor laser. If the laser is operating above threshold, the lasing mode plays the role of the pump, and only the probe needs to be injected from outside.
To obtain the induced polarization at the probe frequency, we substitute AN from Eq. (2.11) into Eq. (2.16) and obtain
where
XFWM is responsible for NDFWM as discussed in Section 4.
Here we discuss the qualitative and quantitative features of Xp. In Eq. (3.2) the pump intensity
Ld m 0 a:
is normalized to the saturation intensity P, for simplicity of discussion. The probe susceptibility Xp changes the dielectric constant at the probe frequency by AE, which can be used to calculate the index change An and the probe gain gp by using the relation
(3.5) enhancement of 50% is predicted when the pump intensity equals the saturation intensity (P 0 = 1). Both the location and the amplitude of the gain maximum change with the pump intensity Po. The detuning Qp corresponding to the maximum gain can be found by setting dgp/dQ = 0. Using Eq. (3.7), we obtain
The index change An is, by contrast, reduced, with the maximum reduction occurring near Q = 0 (see Fig. 2 ).
The physical origin of the asymmetric line shape of the probe gain is related to the fact that a change in carrier density affects both the gain and the index of the active region in semiconductor lasers. Thus population pulsations create the gain and index gratings simultaneously; the rela- Note that gp is the small-signal gain of the probe wave in the presence of the pump. Using Eqs. (2.18), (3.2), and (3.5), we obtain
where An = -g(N)(c/2co) is the carrier-induced index change associated with the gain g(N). The second term inside the square brackets in Eqs. (3.6) and (3.7) has its origin in population pulsations. To illustrate how the pump wave modifies the index change An and the probe gain gp, Figs. 1 and 2 show their variation with the pump-probe detuning QTS for several pump intensities P 0 with ,B= and C = 0.5.
As Fig. 1 clearly shows, the probe gain gp has an asymmetric line shape. More specifically, gp is enhanced compared with its value g(N) for < 0 and is reduced for Q > 0. An tive contributions of the two gratings are governed by the linewidth enhancement factor /3. To see how this parameter affects the probe gain, in Fig. 3 we have shown the probegain spectra for several values of a3 at a fixed pump intensity (P 0 = 1). For A = 0, the index-grating contribution vanishes; the resulting line shape is symmetric, with a dip at Q = 0.
For nonzero values of /3, the line shape becomes asymmetric, with the maximum gain occurring at Q, given by Eq. (3.8).
The increase in the peak height is due to an increasingly large contribution of the index grating. The relative contribution of the index grating varies as OQTI(1 + P 0 ), as shown by Eq. (3.7), and can significantly exceed that of the gain grating for certain values of the detunings Q. It is interesting to compare the probe-gain characteristics in semiconductor lasers with those expected for two-level systems. 31 -34 Of particular interest is the case of an atomic system in which the pump wave is detuned from the atomic resonance by A. The absorption spectrum shows that the gain (negative absorption) can occur at a pump-probe detuning Q2L such that
where QR = MtIE0I/h is the Rabi frequency; R is sometimes referred to as the generalized Rabi frequency. 3 4 This phenomenon is understood in terms of the optical Stark effect that leads to a shift of the atomic levels by Q2L in the presence of the pump field. For A = 0, the shift is proportional to E 0 1. However, for A >> R, the shift becomes linear in the pump intensity E 0 12, since Q2L can be approximated by
A comparison of Eq. (3.8) and relation (3.10) shows that semiconductor lasers behave in a manner analogous to that of detuned atomic systems with the effective detuning
The parameter / controls the extent of detuning. For >> 1, 1Al --r,1. Thus maximum detuning is governed by the spontaneous carrier lifetime. The analogy between a semiconductor laser and a detuned atomic system suggests that the enhancement of probe gain in the vicinity of Qp can be interpreted in terms of the optical Stark effect. The analogy should not, however, be pushed too far. In particular, the concept of the Rabi frequency for a semiconductor laser is not necessarily valid because of the obvious complications arising from the band structure.
NEARLY DEGENERATE FOUR-WAVE MIXING
As was mentioned earlier, population pulsations not only affect the probe susceptibility but also are responsible for NDFWM. This can be seen from Eq. (3.1) by noting that the induced polarization at the probe frequency has a contribution arising from the nonlinear interaction between the pump wave and the conjugate wave. Such a contribution couples the probe wave and the conjugate wave and can generate the conjugate wave at W 2 = 2 0 -wi even if no field at that frequency is incident upon the semiconductor laser. The study of NDFWM consists of obtaining the coupledwave equations for the probe wave and the conjugate wave and solving them subject to appropriate boundary conditions at the laser facets. We perform such a procedure in this section.
We substitute Eqs. (2.2) and (2.14) into Eq. (2.1), multiply by U*(x, y), and integrate over the transverse dimensions x and y. This leads to the one-dimensional wave equation accounts for the spatial effects related to the non-planewave nature of the interacting waves.
To obtain the coupled-wave equations from Eq. (4.1), we must consider the specific experimental configuration employed for NDFWM. In the case of semiconductor lasers the interaction is collinear1 0 -2 because of the relatively small dimensions of the active region. In the most general case we must consider the forward and backward components of the pump, probe, and conjugate waves leading to a set of six wave equations coupled by the mixing of the forward and backward components at the partially reflecting laser facets. Such a problem requires numerical solution; the numerical approach is necessary when the semiconductor laser operates in the above-threshold regime. However, the main qualitative features of NDFWM can be obtained in a simpler manner when the semiconductor laser operates below threshold as an amplifier. The analysis is particularly simple if we consider the case of a traveling-wave amplifier whose facets have negligible relectivities (by the use of an antireflection coating). More specifically, we assume that two counterpropagating pump waves are incident at the two facets of an amplifier of length L and that a probe wave (shifted by Q from the pump-wave frequency) is incident at the left facet at z = 0. In the collinear geometry, the pump, probe, and conjugate fields are given, respectively, by 
where the pump-wave absorption coefficient is
and go is the small-signal gain related to the device current I through Eq. (2.23). The absorption coefficient aj and the codpling coefficient Kj are given by Because of their linearity, Eqs. (4.6) and (4.7) can be readily solved. Under typical experimental conditions only the probe wave is incident at z = 0, and the conjugate wave is generated without any input. Using the boundary condition A 2 *(L) = 0, the conjugate reflectivity R and the probe transmittance T are given by 35 ,36
where a plus and a minus are chosen for j = 2 and j = 1, respectively. In Eqs. (4.6) and (4.7),
is the wave-number mismatch resulting from the nondegenerate nature of the four-wave mixing process.
In Eqs. (4.8)-(4.10), Po = 1E 0 12/P 5 is the average intracavity pump intensity normalized to the saturation intensity. By using Eq. (4.2), it can be written as
where we have neglected the interference term resulting from spatial hole burning. As mentioned earlier, this is justified for semiconductor lasers, since carrier diffusion tends to wash out the spatial holes in the carrier population burned by the counterpropagating pump waves. The average over the amplifier length L in Eq. (4.12) is a consequence of our assumption of spatially homogeneous carrier density in Eq. (2.8). This assumption can be relaxed by allowing Po to be a slowly varying function of z along the amplifier length, but only at the expense of considerable complexity, since Eqs. (4.5)-(4.7) must then be solved numerically. By treating Po as independent of z, the coefficients aj and Kj are constant, and Eqs. (4.6) and (4.7) can be readily solved. We can relate Po to the incident pump intensity Pin by using Eqs. (4.5) and (4, 12) . If we assume that the, pump beams of equal intensity are incident upon the two ends of the amplifier, (4.20) We have studied the variation of R and T with the normalized pump-probe detuning Qr for a range of experimentally accessible parameters. The two parameters that can be experimentally controlled are the small-signal gain go (varied by changing the device current I) and the incident pump intensity Pin. The only other parameters that must be specified are the overlap factor C and the linewidth enhancement factor 3. We choose C = 0.5 and ,B = 5 as typical values for InGaAsP lasers. Since AkLI 10-3 from Eq. (4.11) for detunings Mr, -1, the phase mismatch is negligible in the case of nearly degenerate four-wave mixing. The available small-signal gain before the laser reaches threshold depends on the facet reflectivities. If we take aintL = 1 and R, = R2 = 1% in Eqs. (2.20) and (2.21), the threshold is reached for goL = 5.6; a value of goL 4 is easily achieved. In order to relate Pin to the actual pump powers, we need an estimate of the saturation power. By using Eq. (12) and assuming a mode cross section of 1 ,um 2 , we estimate a saturation power of about 5 mW. Thus Pin = 0.2 corresponds to an incident pump power of 1 mW. Figure 4 shows the dependence of the reflectivity and transmittance spectra (R and T as functions of Qr) on the pump power Pin for goL = 4. The reflectivity spectrum is nearly Lorentzian, and its peak height increases rapidly with Ph,, reaches a maximum value, and then decreases with a further increase in Pin because of the saturation effects. For the parameter values used in Fig. 4 , R exceeds 1000 for Pin that leads to an enhancement of the probe gain, with a = 5 maximum enhancement occurring at Qp (see Fig. 1 ). Fig. 4 except that the effect of linewidth ensmall-signal gain of the amplifier. This is so because an hancement factor fi on the reflectivity and transmittance spectra is increase in go increases the steady-state carrier density N shown at a fixed pump intensity. grating created by population pulsations contribute to the NDFWM process. The relative contribution of the two gratings is governed by the linewidth enhancement factor . This is seen more quantitatively in Fig. 5 , in which the reflectivity and transmittance spectra are plotted for several values of a with Pin = 0.2 and goL =4. When 3= 0, only the gain grating contributes to the NDFWM process, and the conjugate reflectivity R is relatively small (R < 0.2). However, it increases rapidly with an increase in ; for the parameter values used in Fig. 5 , R 400 for A = 5. Clearly, the index-grating contribution to NDFWM dominates in the case of semiconductor lasers. The same conclusion holds for the transmittance T; the enhancement factor for T in Fig. 5 increases with /3. More importantly, the transmittance spectrum is symmetric for = 0 (when only the gain grating contributes) and becomes asymmetric for a 3-0. Thus the carrier-induced index change is responsible for the asymmetric probe transmission with respect to the pump-probe detuning,1 5 as is also evident from Fig. 3 . The theoretical prediction of asymmetric probe transmission has been verified in a recent experiment by using an InGaAsP amplifier. 3 7 So far we have assumed that goL = 4. Figure 6 shows the dependence of the reflectivity and transmittance spectra on the small-signal gain for the values Pin = 0.1 and a = 5. As is expected, R increases rapidly with an increase in goL. However, after a certain value of g 0 L, the peak reflectivity decreases, and the spectrum develops a two-peak structure with a central dip. The central dip can occur at lower values of g 0 L, but larger values of a are necessary. This is shown in Fig. 7 , in which the reflectivity spectra are plotted by using parameter values that are identical to those used for The origin of the central dip in Figs. 6 and 7 can be understood by noting that the variation of R with Q depends on how K21 and Re(a) vary with the detuning Q. In particular, a dip can occur at Q = 0 if Re(a) is more sharply peaked than IK21 around Q = 0.38 A dip in the reflectivity spectrum can also result from the pump imbalance, 3 8 39 i.e., when the incident pump powers at the two ends of the amplifiers are different from each other. Considerable structure in the reflectivity spectrum occurs for two-level systems when the pump frequency is detuned from the atomic resonance. 3 4 36 Semiconductor lasers, in effect, behave as a detuned system, with the parameter /3 controlling the amount of detuning, in agreement with our discussion in Section 3.
HIGHLY NONDEGENERATE FOUR-WAVE MIXING
The four-wave mixing discussed in Section 4 ceases to occur when the pump-probe detuning exceeds a few gigahertz (UT, >> 1). The reason is that the carrier density is unable to respond at time scales much faster than the spontaneous carrier lifetime ( 2-3 nsec). As a result, the gain and index gratings created by the population-pulsation mechanism discussed in Section 2 become ineffective for Q >> T,-1.
In this section we consider another mechanism of population pulsations that can lead to four-wave mixing even for pumpprobe detunings exceeding 100 GHz.2 0 The physical mechanism behind highly NDFWM is spectral hole burning manifested as a nonlinear suppression of the optical gain in semiconductor lasers. 22 - 2 6 Since spectral hole burning is governed by the intraband relaxation processes occurring at a fast time scale (T1 < 1 psec), the dynamic gratings remain an effective source of NDFWM for beat frequencies up to -1 THz. The efficiency of the NDFWM process at such high pump-probe detunings is limited by the phase mismatch, in contrast to the case discussed in Section 4, in which it was limited by the carrier lifetime r,.
The theoretical description of spectral hole burning requires the density-matrix approach. More specifically, each set of the conduction-band and valence-band states participating in the band-to-band transitions is modeled as a twolevel system whose contribution to the induced polarization is calculated with proper consideration of population pulsations resulting from pump-probe beating. The total polarization is obtained by summing over all such contributions and requires a knowledge of the density of states associated with the two bands. Since the procedure is similar to that used for two-level atomic systems 32 -36 and has been discussed in detail elsewhere,2 3 -2 6 it is described only briefly here. By the method of Kazarinov et al., 2 4 we assume that the valence-band population remains in thermal equilibrium throughout the nonlinear interaction. This is justified, since the relaxation time T, is much shorter for valenceband electrons than for conduction-band electrons because of the higher density of states associated with the valence band. The density-matrix equations are then of the form
where AL is the dipole moment and CT is the transition frequency. T is the population-relaxation time of conductionband electrons, and T2 is the dipole-relaxation time. They have been introduced phenomenologically, as in the case of the Bloch equations.' 7 In the case of semiconductor lasers, T, and T2 are governed by the intraband relaxation processes and have typical values of T, 0.3 psec and T 0.1
The induced polarization is obtained by summing over all possible band-to-band transitions, i.e.,
where D(WT) is the joint density of states per unit volume. In general, the dipole moment ,u is also a function of WT. To evaluate p, we substitute the total field E from Eq. Physically, p1, represents the occupation probability of the conduction band state participating in the transition (the Fermi factor of the conduction-band electrons), and 11 is its value in thermal equilibrium (in the absence of optical fields). In the presence of a strong pump field, the occupation probability changes: Apul(O) is the static change induced by the pump wave alone, whereas Apl,(Q) is the dynamic change induced by the beating of the pump and probe waves at the beat frequency Q. The situation is similar to that considered in Section 2. Although Apl,(Q) has its origin in population pulsations, it is the intraband population, and not necessarily the actual carrier density, that pulsates. For IQIr, < 1, the carrier-density pulsations considered in Section 2 should also be included by noting that an integration of Pl over the conduction-band states leads to the carrier density.
The induced polarization P is calculated by using Eqs. where the linear susceptibility (5.8) has a form similar to that of Eq. (2.5). The gain g (N, j) is determined by the current applied to the semiconductor laser. Because of a large frequency difference among pump, probe, and conjugate waves, it is necessary to account for the gain roll-off. If we assume a parabolic gain profile, then (5.9) where g(N) is the peak gain occurring at cop and is related to the device current I by Eq. (2.19) . Awg is the half-width of the gain profile. The nonlinear contributions x,, X2, and X3 to the susceptibility arise from the pump-induced change in the intraband population, given by Eq. (5.4). More specifically, XI is due to static change Apl,(O), while X2 and X3 have their origin in the population-pulsation term A(Q). Their explicit expressions are' 
The expressions for a 2 Before discussing the spectral features of R and T, we consider the effect of population pulsations on the probe gain. Consider first self-saturation of the pump gain. From Eq. (5.16) we note that the pump gain is saturated by two mechanisms. Interband processes lead to the well-known reduction by a factor of 1 + Po. However, intraband processes lead to a further reduction by a factor of 1 -CrPo. This effect is known as spectral hole burning; the intense pump wave burns a hole of width T2-1 in the gain profile, as is shown by Eq. (5.10). Typically the gain is reduced by 0.5-1% per milliwatt of the operating power for a semiconductor laser. 2 6 This information can be used to estimate the saturation power P, instead of using Eq. (5.13). We estimate that P = 100 mW for index-guided lasers. If we assume that P = 5 mW, r = 0.05. Equation (5.16) shows that the refractive index is also changed by a relative amount of 3CrPo/l. We can estimate by using Eqs. (5.9) and (5.14): In the absence of the pump wave (Po = 0), gp = go(l -Q2/ Awg 2 ) is the small-signal probe gain. Equation (5.20) shows that this gain is reduced by spectral hole burning and the saturation effects produced by the pump field. The reduction resulting from population pulsations is given by the last than when it is due to modulation of the actual carrier t/T 1 = 5 density. This can be understood by comparing the saturation powers P, and P, associated with the two nonliner mechanisms. As seen from Eq. (5.18), the coupling coefficients Kj are smaller by a factor of r = P/P, for the case of spectral hole burning compared with those obtained from Eq. (4.10).
Since R IK2I2, the reflectivities are expected to be smaller by a factor of r 2 . Since r = 0.05 in Fig. 8 , one can expect that R 0. term in Eq. (5.20). As is expected, the population-pulsation contribution vanishes for IQIT 1 >> 1. Although population pulsations can change the probe gain by 100% or more for the case discussed in Section 3, such changes are -1% because of the large saturation power associated with the spectral holeburning phenomenon. Even such small changes can nonetheless lead to significant NDFWM, as is discussed below. As in the case discussed in Section 4, we assume that the semiconductor laser is operating as a traveling-wave amplifier with the incident pump intensity Pin at the two facets. The intracavity pump intensity PO is related to Pin by Eq. (4.14). The other parameters are chosen to be T 1 = 0.3 psec, T2 = 0.1 psec, = 5, r = 0.05, and C = 0.7. This value of C was estimated by using a Gaussian mode profile in Eq. (5.15).26 Figure 8 shows the variation of R and T with QT 1 for g 0 L = 4. The phase mismatch is AkL = -2Qr from Eq. (4.11), where -= nL/c is the transit time; we chose T/T1 = 10. For T = 0.3 psec, this corresponds to -= 3 psec, a typical value for 250-,um-long laser amplifiers. Figure 8 shows that R 0.1 for Pin = 1. This should be compared with Fig. 4 , for which R > 100 even for Pin = 0.2.
SUMMARY
In this paper we have presented the theory of NDFWM in semiconductor lasers with particular emphasis on the physical processes that lead to population pulsations. Two rather different mechanisms are involved in the NDFWM process, depending on the detuning Q between the pump wave and the probe wave. For small detunings ( 1 GHz), modulation of the carrier density at the beat frequency Q creates a dynamic population grating whose effectiveness is governed by the spontaneous carrier lifetime -r,. This was the physical mechanism involved in the experiments on NDFWM reported in Refs. 10-12 and 37.
For large detunings, such that IQI-s >> 1, the above mechanism cannot generate the conjugate wave, as the carrier density is unable to respond to such high beat frequencies. In that situation a weaker nonlinear effect arising from spectral hole burning can nonetheless lead to significant conjugate reflectivities. Population pulsations in this case refer to modulation of the intraband population, and the effectiveness of the resulting population grating is determined by the intraband population-relaxation time T (0.3 psec). Our results show that the NDFWM process is limited by the phase mismatch or the transit time T rather than by the population-relaxation time T,. For a 250-Arm-long semiconductor laser, T 3 psec, and significant NDFWM is expected to occur for pump-probe detunings of up to r-1 (300 GHz). Experiments have not yet been performed to observe four-wave mixing under such highly nondegenerate conditions.
The NDFWM process discussed here may have applications in many fields. The highly efficient nature of NDFWM in semiconductor lasers should be useful in the fields of phase conjugation and nonlinear spectroscopy. NDFWM can also be used to stabilize external-cavity semiconductor lasers by providing the feedback from a semiconductor laser operating as a phase-conjugate mirror. 40 In the field of coherent optical communications, semiconductorlaser amplifiers are being proposed to amplify several channels simultaneously. The carrier-density modulation and the resulting NDFWM would then induce interchannel cross talk that would limit the interchannel spacing in such systems. 4 
